By means of weight functions and Hermite-Hadamard's inequality, a new half-discrete Mulholland-type inequality with a best constant factor is given. A best extension with multi-parameters, some equivalent forms, the operator expressions as well as some particular cases are considered.
Introduction
where the constant factor k(λ  ) is best possible. Moreover, if k λ (x, y) is finite and
where the constant factor k(λ  ) is still the best possible. Clearly, for p = q = , λ = , provided the following half-discrete Hilbert inequality with best constant factor:
In this paper, by means of weight functions and Hermite-Hadamard's inequality, a new half-discrete Mulholland-type inequality similar to (.) and (.) with a best possible constant factor is given as follows:
Moreover, a best extension of (.) with multi-parameters, some equivalent forms, the operator expressions as well as some particular cases are considered.
Some lemmas
then we have
Proof Substituting t = ln δ αx ln βn in (.), and by a simple calculation, for δ ∈ {-, }, we
For fixed x >  α , in view of the conditions, it is easy to find that
is decreasing and strictly convex with h y (x, y) <  and h y  (x, y) > , for y ∈ (   , ∞). Hence by the Hermite-Hadamard inequality (cf.
[]), we find
and then (.) follows.
Lemma . Let the assumptions of Lemma . be fulfilled and, additionally, let p > ,
, ∞). Then we have the following inequalities:
Proof By Hölder's inequality (cf.
[]) and (.), it follows that
Then by Lebesgue term-by-term integration theorem (cf. []), we have
By Hölder's inequality again, we have
By the Lebesgue term-by-term integration theorem, we have
, and in view of (.), inequality (.) follows.
Main results
We introduce the functions 
where the constant B(σ , λ -σ ) is the best possible in the above inequalities.
Proof The two expressions for I in (.) follow from Lebesgue's term-by-term integration theorem. By (.) and (.), we have (.). By Hölder's inequality, we have
Then by (.), we have (.).
On the other hand, assuming that (.) is valid, we set a n := (n)
It follows that J p- = a q, . By (.), we find J < ∞. If J = , then (.) is trivially valid; if J > , then by (.), we have
Then in view of (.), we have (.). By
Hölder's inequality, we find
Then by (.), we have (.).
On the other hand, assume that (.) is valid. Setting
, that is, (.) is equivalent to (.). Hence, inequalities (.), (.), and (.) are equivalent.
For  < ε < p(λ -σ ), setting E δ := {x; x >  α , ln δ αx ∈ (, )},
and a n =  n (ln βn) σ -ε q - , n ∈ N\{}, if there exists a positive number k (≤ B(σ , λ -σ )), such that (.) is valid when replacing B(σ , λ -σ ) with k, then in particular, for δ = ±, setting u = ln δ αx, it follows that 
